Materials & Design 241 (2024) 112913

Contents lists available at ScienceDirect

Materials & Design

o %

ELSEVIER

materiastoday

journal homepage: www.elsevier.com/locate/matdes

Check for

Design and macroscopic mechanical responses of auxetic metamaterials ol
with tunable stiffness

Shangbin Wang®, Junxian Guo ™", Andras Biczo ¢, Ning Feng *"

2 College of Mechanical and Electrical Engineering, Xinjiang Agricultural University, Urumgqi 830052, China
b Key Laboratory of Xinjiang Intelligent Agricultural Equipment, Urumgi 830052, China

¢ Department Hamm 2, Hamm-Lippstadt University of Applied Sciences, Hamm 59063, Germany

4 School of Electrical and Mechanical Engineering, Pingdingshan University, Pingdingshan 467000, China

ARTICLE INFO ABSTRACT

Keywords:

Auxetic

Coupling mechanical metamaterials system
Energy principle

Elastic properties

This research presents the design, manufacturing, and macroscopic characterization of flexible mechanical
metamaterials with tunable elastic properties. The elastic constants were given using the energy principle and
Castigliano’s second theorem, and the results were validated through static simulations and tensile experiments,
showing good agreement. Then the complete parametric study was conducted to demonstrate the possibility of
extensively customizing the Poisson effect and stiffness. Additionally, the comparison between the developed
metamaterials and star-shaped cellular structures on the mechanical properties was conducted using six groups
of samples. The results demonstrated that the developed metamaterials exhibited remarkable superiority in
deformability, sensitivity, and auxeticity. Furthermore, an innovative experiment is devised to characterize the
mechanical responses of the developed coupling metamaterials system complemented with numerical modeling,
the similar phenomenon was also observed in other metamaterials. The proposed design offered a way to induce

the metamaterials system’s profile occurring the wavy deformation.

1. Introduction

Generally, mechanical metamaterials are particularly defined as
artificial structural materials that can achieve unprecedented properties
through their unique microstructural design [1-5]. Nowadays, increas-
ingly considerable research focuses on designing [6-8], fabricating
[9,10], and characterizing mechanical metamaterials [11,12]. Further,
their remarkable performance is employed in multifarious applications
[13]. One of the fascinating features of metamaterials is their auxetic
effect [14-16]. Unlike conventional materials that contract laterally
when stretched, the auxetic metamaterials expand laterally [17]. The
auxetic metamaterials find applications in various fields, including
impact absorption [18,19], vibration damping [20,21], and flexible
electronics [22,23]. Another exceptional property of metamaterials is
negative stiffness [24-28], they resist deformation under applied forces,
metamaterials can compress under tension and expand under
compression [29]. This unique behavior is achieved through the
arrangement of substructures that induce buckling or snap-through in-
stabilities [30]. Negative stiffness metamaterials have potential

applications in shock absorption [31], energy harvesting [32], and soft
robotics [31]. Metamaterials can also offer exceptional wave manipu-
lation properties like negative refraction [33,34], cloaking [35], wave
focusing [36], and waves transition [37]. These properties enable the
development of devices such as acoustic lenses [38] and vibration
dampers [39-42], which have practical applications in noise control
[43], waveguiding [44-46], and imaging [47].

Routinely, mechanical metamaterials are designed by tailoring the
geometric feature and arrangement of their constituent elements at the
microscale. The design principles involve purposefully engineering the
prototype of the unit cells to obtain desired mechanical functionalities.
Common design strategies include lattice structures [48], hierarchical
structures [49], origami-inspired structures [50], and kirigami-based
structures [51]. Lattice structures are repetitive patterns of inter-
connected unit cells that form the element of metamaterials. Examples
of lattice structures include honeycomb structures [52,53], diamond
lattices [54], and triply periodic minimal surfaces [TPMS] structures
[55,56]. TPMS structures have a continuous, smooth surface and are
characterized by minimal surface area. Hierarchical structures involve
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Fig. 1. (a) An sample of the developed mechanical metamaterials, showing their highly flexible nature; (b) unit cell, (c) loading scheme, (d) quatered free

body diagram.

in corporating multiple length scales into the design of metamaterials.
By combining different levels of structural organization, hierarchical
metamaterials can achieve enhanced mechanical properties [57]. This
approach allows for the optimization of material distribution and the
manipulation of mechanical behavior at different scales. Studies on the
star-shaped structures are continuously conducted. The tetra-petals
metamaterials are optimized via a systematic isogeometric design
approach [58], this research also presented the potential application for
the functionally graded metamaterials. The auxetic responses of a novel
series of planar periodic metamaterials named as “connected-stars” are
investigated [59], the structures possess star-shaped cells of various
rotational symmetries. A class of general Star-4 structures’ Poisson’s
ratio was investigated theoretically, numerically, and experimentally
[60], this research found that the different thickness of the structural
ligaments may lead to a more remarkable auxetic effect. Origami, the art
of paper-folding, has inspired the development of metamaterials with
unique mechanical properties. By applying principles of origami, re-
searchers have created foldable and deployable structures that can un-
dergo large deformations [61] while maintaining their structural
integrity. Kirigami, the art of papercutting [62], the incorporation of
kirigami techniques into metamaterial design then create structures that
can undergo large deformations and exhibit tunable mechanical per-
formances. Through the strategic arrangement of cuts and folds, these
kirigami-based materials can deform in specific ways, such as stretching
[63], twisting [64], or bending [65]. This property makes them suitable
for applications requiring shape morphing [66], such as soft robotics
[67], adaptive structures [68], and biomedical devices [69]. Meta-
materials can also be designed using other strategies, such as topology
optimization, where the improvement is made to the material

distribution within the designated design space to realize specific me-
chanical characteristics. Additive manufacturing technology, such as
fused deposition modeling, allows for the fabrication of intricate meta-
material structures while maintaining powerful control over their ge-
ometry and properties.

Metamaterials designed with innovative approaches are also fasci-
nating, the flexible metamaterials introducing orthogonal perforations
were designed, fabricated [70], and mechanically characterized. The
finding indicates different structural perforation arrangements result in
a broad spectrum of Poisson’s ratios (from —0.8 to 0.4), load-bearing
abilities, and even energy absorption abilities. Another study devised
and analyzed two classes of bi-material missing rib-type anti-chiral
metamaterials [71], the results demonstrate the design demonstrate a
variety of unique characteristics, such as being lightweight, featuring a
highly customizable coefficient of thermal expansion with isotropic
properties, and maintaining steady Poisson’s ratios. Also fascinatingly,
the higherorder moving-mesh method was employed to customize the
structural geometric features as they see fit and adjust their nonlinear
mechanical property for various loading conditions [72]. The results
reveal that the aperiodicity offers new possibilities for creating flexible
metamaterials. Moreover, a new Poisson’s ratio (PR) sign-switching
stiffness-changing mechanical metamaterial is devised, showcasing po-
tential applications in the automotive and construction industries [73].
The metamaterial shows approximately 25 % higher specific energy
absorption (SEA) properties than the hexagonal lattice structure, the
metamaterial’s auxeticity and load-bearing ability could be adjusted by
transforming the geometric features.

In this work, a mechanical metamaterial with tunable elastic prop-
erties was devised, and its macroscopic mechanical response was
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investigated theoretically, computationally, and experimentally. The
elastic constants are given by employing the energy principle and Cas-
tigliano’s second theorem. Then the theoretical results are sufficiently
verified by static simulation and tensile experiment, which agree well.
The excellent flexibility, programmability, and deformability of the
proposed metamaterials are exhibited. Multidimensional mechanical
properties between the developed metamaterials and the star-shaped
cellular structures are compared, the former’s superiority is remark-
able. An innovative experiment was devised to characterize the me-
chanical response of the coupling metamaterials system, which
successfully induced the metamaterials system’s profile occurring the
wavy deformation.

2. Design

In this section, after designing the prototype of the initial unit cell,
we devise a flexible mechanical metamaterial with rib-type. The relative
density of the proposed metamaterial is given first, and then their elastic
properties are deduced by employing the energy principle on the
simplified static model.

2.1. Geometric prototype and parameters

Flexible planar samples with repeating unit cells were fabricated
(Fused Filament Fabrication-FFF), as displayed in Fig. 1(a). The geo-
metric features of the developed cellular metamaterials are shown in
Fig. 1(b) and (d). Fig. 1(c) shows that the devised unit prototype is
composed of four-fold symmetric homogeneous structural beams and a
couple of orthogonal connecting beams, all the beams are constructed
with identical thickness (¢) and height (h). The longitudinal and trans-
verse dimensions of the whole unit cells (Lyc) are equivalent thanks to
the structural symmetry. The axial loading schematic is displayed in
Fig. 1(c), the joints in the quartered free-body structure are marked as J;
i=1,2,...7) orderly.

Key geometry attributes of the metamaterials are shown in Fig. 1(d),
including the central angle 6 and ¢ (used to locate the starting and end
point of the arc line, respectively), the ligament angle a7 and a3 (used to
determine the length L; and Lj, respectively). The axial loading sche-
matic of the unit cell is displayed in Fig. 1(c), the joints in the quartered
free-body structure are marked as J; (i = 1, 2, ...7) orderly. Note that the
center of the arc line “O” is fixed by the ratio Lo/Lyc = 0.4 and the
intersection angle with the horizontal auxiliary line /4, and the radius
of the arc line R is fixed by the ratio R/Lyc = 0.1, respectively.

2.2. Relative density

For the cellular metamaterials, the intrinsic porosity gives them
excellent lightweight performance. By substituting the areas occupied
by beams and the area of the unit cell, the relative density of the me-
chanical metamaterials can be deduced as

Asg 4[(2L1 + 2L, + 2R¢ + LC)

Pssp = Ay = L
Lc= Lue Locos” Rsin(ﬁ 0) + Lsina
) e TN e
LgcosE - Rcos(gfﬁ) 1)
L= 4 4
cosq;
Rsin(z —0)
Lh=—72—
2 . T
sm(Z — )

Here, Ag and Ay represent the area of the beams and the whole unit cell,
and L¢ represents the length of the connecting beam, respectively.
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3. Theoretical model

In this section, the developed cellular metamaterials are assumed as
a continuous medium, its elastic property is solved by the macroscopic
elastic constitutive equation. The equivalent elastic properties of the
cellular metamaterials are calculated by employing the energy principle
and Castigliano’s Second Theorem. All the connecting beams and
structural beams are slender enough to be regarded as Euler-Bernoulli
beams.

3.1. Elastic modulus

When the ligament is broken at J1, the free-body structure is in static
equilibrium under the effect of both inner force F and unknown bending
moment M.

Following the theory of the energy principle, when a mechanical
system is statically loaded the strain energy stored (V) equals the work
(W) performed by the external force. To simplify the theoretical model,
only the contribution of bending load is considered which can be
deduced as

= M,»()c)2
W=V, E d 2
i—1 /I,ZEI'IZ" g ( )

Here, M; is moment of the structural beams, E; is the Young’s modulus of
the basic materials, and I,; is the second moment of beam area,
respectively.

In Fig. 1(c), there is no angular distortion of the cross-section at J1
which is regarded as the deformation coordination condition to formu-
late the regular equation of force to solve M.

F
TR}
2I,R {cos(g-&-ﬁ) +sin(g+0+¢) - sin(g—l-e) —cos(g+0+¢) —2¢sina1] +
2LR [2cos(g +0)— Zcos(g-&- 0+ ) —pcosa, + qﬁsinaz] -
P (cosa; +3sina; ) + 5 (3sina; —cosay ) +211 1 (sina, — cosa, — 2sina; )+
2sin@+ v/2¢pcos (%Jrﬁ) +¢cosd— psind+2¢sin(0+ )+

V2R i
cos(0+¢) —sin(0+¢)— \/isin(z-i-e-&-dz)

3)

Here, F = 6,(th/2).
The bending moment in the structural beam sections is orderly
defined as M; (i =1, 2, ...6) from J1 to J6, they are expressed as

)
M, = M,(l,) + FR [sin(e - %) — sin(0+x — %)] x e (0,9)

)

+ F(xcosay),x € (0,1)

M, = F(xsina,) + My, x € (0,1,

— F(xsinm,),x € (0,1

S

M; = M (¢)
M :Mg(lz)
Ms = M,(L) + FR{sin(G-&-qﬁ —%T”) —sin(6+ ¢ — %Tﬂ—x)} ,x €(0,¢)

Mg = M5(¢) + F(xcosal),x S (0,11)

©)]

Then, substituting the above bending moments into Eq. (2), the

theoretical total strain energy of the unit cell (V¥¢) is 4 times greater
than the quartered cell (32, V), that is expressed as
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Fig. 2. Plots showing the normalized elastic modulus, structures with 6 = 50° ¢ = 50° and 0 = 20° ¢ = 130°: (a) surface of Es/Ey, (b-c) contour of Es/Ey;, (d and e)
curves of Eg/Eyj; structures with o = —25° ap = 25° and o3 = 0° ap = —35°: (f) surface of Es/Ey;, (g and h) contour of Eg/Ey, (i and j) curves of Es/Ey.
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Fig. 3. Plots showing the Poisson’s ratio, structures with ap = 15° and 0 = 20°: (a) contour of v, (b) curves of v; structures with a; = 30° and ¢ = 90°: (¢) contour of v,

(d) curves of v.

6 6
M2
Vi = 4; Ve = 4;[ Z’E(f)dx )

Here, the complete calculation of VU¢ = VUC(1)+VUC(2)+VY¢(3) is
listed as Appendix Egs. (A1)-(A3).

In this work, the loading direction of the unit cell is its longitudinal
direction. When the strain energy VU is obtained, the unit cell’s lon-
gitudinal displacement &, can be derived from the ratio between the
strain energy and generalized force (F). Then the longitudinal strain can
be solved by the ratio between longitudinal displacement 5, and the
longitudinal initial dimension LUC. Finally, the theoretical elastic
modulus of the proposed mechanical metamaterials can be deduced
from the ratio between the normal stress and strain, they are expressed
as

vc
5L = Ve
r ©
EUC 9 _ F/(th)
EL 5L/LUC

3.2. Poisson’s ratio

Following the principle of virtual work, the virtual force P is applied
at the J7 to solve the perpendicular displacement to the loading direc-
tion as illustrated in Fig. 2(b). In this condition, the bending moments in
the structural beams are orderly set as M;’(i = 1, 2, ...6), they are
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expressed as
M, = P(xcosa;) + F(xsina;) + Mo, x € (0,1;)

]

M, = PR [cos(ﬂ i

4) —cos(f+x — g)] +
FR [sm(a - g) —sin(@+x— Z)] FM (1), x € (0,9)

M, = P(xcosa,) — F(xsina,) + M, (), x € (0,1)
M, = —P(xsina,) + F(xcosa) + My(1),x € (0,1) @)

M;:PR[cos(€+¢fx734—”)fcos(9+¢f34—”)}+

FR {sin(@ +¢— ¥) —sin(0+ ¢ — %Tﬂ - x)} + M, (L), x € (0,)

M, = P(xsina; ) + F(xcosa,) + Ms(¢),x € (0,1,)

Then, the transverse displacement 5 of the unit cell can be solved by
employing Castigliano’s Second Theorem. Then the theoretical Pois-
son’s ratio v of the proposed mechanical metamaterials can be obtained
from the ratio between the longitudinal strain and transverse strain

: T [Mi(x) OM,(x)
=YY .
P L), EI P P—o
N N (8
__er_ _8r/Lyc __or
€L 5L/LUC oL

The complete formulation of 6r = 57(1) +67(2) is listed as Appendix
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Fig. 4. (a) Numerical simulation set-up, (b—-d) samples manufacturing and test.

Egs. (A4) and (A5).
4. Results and discussion
4.1. Theoretical results

In this section, the theoretical results of equivalent elastic properties
of the proposed mechanical metamaterials are presented. To quantita-
tively study the stiffness of the structures, the normalized effective
modulus is obtained from the ratio between the structures’ Young’s
modulus (Es) and the basic material’s Young’s modulus (Ey) which is
denoted by Es/Ey, then the effect of the material modulus is effectively
excluded. Fig. 2 plots the surfaces and curves of Eg/Ey versus a1, oo, 0,
and ¢. The sub-figures in Fig. 2(a—e) compare the variation of Es/Ey as
the changing a; and az when 6 = 50° and ¢ = 50°, 6 = 20° and ¢ = 130°,
respectively. The results show that, oy influences Eg/Ey more signifi-
cantly than ;.

Further, the oy has a greater effect on Es/Eyy for the structures with 6
= 50° and ¢ = 50° than the structures with 6 = 20° and ¢ = 130°.
Moreover, most of the curves display the shape of a quasi-symmetric arc
as the variation of oy when 6 = 20° and ¢ = 130°. However, the curves
ag = —20°, —10°, 0°, and 10° increase at the interval —40° < a; < —10°
only, then decrease monotonously until a; = 40°. It can be also observed

that the slope of the curves grows slightly with the decreasing ay. The
curves in Fig. 2(d) and (e) indicate the Eg/E)y; increases monotonously as
the decreases ay. From Fig. 2(f—j) the results show that the stiffness of the
developed flexible mechanical metamaterials can be adjusted by orders
of magnitude. The similar phenomenon as Fig. 2(a) can be found in
Fig. 2(f), 0 influences the Eg/E) more significantly than ¢. As the results
in Fig. 2(i), the flexible mechanical metamaterials give the monotonic
variation in Eg/Ey;, and the significance of 0 increases continuously
when ¢ is decreased. It also provides monotonous enlargement in Eg/Ey
with decreasing 6.

For the structures with a; = 0° and oy = —35°, the mechanical
metamaterials’ stiffness follows a similar trend as Fig. 2(i) when 10° < ¢
< 50°, but provides erratic variation when 50° < ¢ < 90°. Compared to
the sub-figures in Fig. 2, the 0 features the most significant influence on
Eg/Ey among the four geometric parameters. These findings enable
precisely manipulate the stiffness of the devised flexible mechanical
metamaterials.

Fig. 3 plots the theoretical results of the Poisson’s ratio of the pro-
posed flexible mechanical metamaterials. In Fig. 3(a) and (b), it’s readily
acquired that for the structures with az = 15° and 6 = 20° the flexible
mechanical metamaterials give the continuous reducement in v when o
is decreased or ¢ is increased. The results show that the Poisson’s ratio is
widely adjustable from positive to negative. When oy nears —40°, the
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Fig. 5. (a and c¢) Comparison of different types results of Es/Ey;, (b and d) comparison of different types of results of v.

variation of ¢ hardly has any effect on v.

As observed in Fig. 3(c) and (d), the results demonstrate that for the
structures with o = —30° and ¢ = 90° the flexible mechanical meta-
materials provide the monotonic reduction in v when ay is grown or 6 is
decreased. Moreover, for the structures o7 = —30° ¢ = 90°, it’s notice-
able that the metamaterials remain to feature an auxetic effect when
—40° < az < 20° and 10° < 6 < 70°. This finding is valuable for meeting
the specific engineering condition.

4.2. Methodology

The Hyperworks is employed to perform finite element analysis
(FEA) static simulation, in order to validate the theoretical results of the
elastic constants. The numerical model of the metamaterial is presented
in Fig. 4(a). The left end is fixed and the right end is applied axial load, L
represents the initial longitudinal dimension of the structures, and &
represents the longitudinal displacement of the structures, respectively.
The numerical model shows that the 4 unit cells at the corner nearly
produce rotation and their connecting beams are curved drastically.
Fig. 4(b-d) collectively shows the experimental validation process,
including the manufacture and the characterization method. All the
samples are manufactured by Raise 3D Pro3 Plus with polylactic acid
(PLA [74-76]).

The tensile test is achieved by the equipment WDW-100 and the
loading speed is 2 mm/min. Fig. 5(a) and (c) compare the theoretical,
numerical, and experimental results of the elastic modulus, they suggest
that structures in G2 have the highest uniformity in the three types of
models. Fig. 5(b) and (d) also demonstrate the excellent accuracy of the
theoretical solution, the two types of results agree well.

In Fig. 6, the comparison results on the key mechanical properties
between six conventional star-shaped cellular structures (SSCS) and the

proposed metamaterials are exhibited. For sample 2, the SSCSs’ elastic
modulus is 2.8 times greater than the proposed metamaterial as shown
in Fig. 6(b). For sample 1-5, the flexible metamaterials’ Poisson’s ratio is
smaller than the SSCS as depicted in Fig. 6(c). The maximum strain is
defined as the strain when the structures’ VonMises stress is near the
yield strength [75,76]. The results show that the flexible metamaterials’
maximum strain is considerably greater than the SSCS as seen in Fig. 6
(d). These findings demonstrate that the developed metamaterials
perform more sensitive, remarkable auxetic effect, and have higher
deformability.

Further, an innovative numerical model is designed by building two
layers of flexible mechanical metamaterials composed of 3 x 3 unit cells
as shown in Fig. 7(a), the top and bottom plates are fixed and the middle
plate is moved by axial load. The deformation modes of three structures
are illustrated in Fig. 7(b), (c), and (d). The structure in Fig. 7(b) features
only the longitudinal displacement produced in the two layers, which
can be considered as quasi-zero Poisson’s ratio.

Moreover, both Fig. 7(c) and (d) exhibit the auxetic effect of the
developed mechanical metamaterials. In particular, the numerical
model in Fig. 7(d) shows remarkable transverse expansion in the tensile
layer and transverse shrinkage in the compression layer. Then,
employing the bench clamps, an innovative experiment is designed to
verify the feasibility of this phenomenon. Fig. 8(a) shows the experi-
mental apparatus, the two types of flexible metamaterial samples are
linked by the connector, fixed by the bench clamps, and the strain is
controlled by moving the slider.

In Fig. 8(b), it’s readily to observe the experimental and numerical
results are highly agreed, sample 1 appears transverse expansion and
sample 2 tends to exhibit transverse shrinkage under the longitudinal
load. As it turns out, samplel and sample 2 achieved 13 % strain and
samplel shows the Poisson’s ratio near —1 by moving the slider.
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Fig. 7. (a) Schematic of an innovative loading approach, (b-d) the deformation characteristics of different structures.
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Fig. 8. (a) Experiment layout for validating the phenomenon of structure’s synchronous expansion and shrinkage, (b) comparison of experimental and numerical

deformation.

A simple coupling system employing the developed flexible meta-
materials is designed in this section. The device is composed of two types
of flexible mechanical metamaterials and a slideable state switch which
is used to transform the two states of the device, as presented in Fig. 9(a).
Fig. 9(b) illustrates the different auxetic cellular structures, which also
potential to induce the metamaterials system’s profile occurring the
wavy deformation. In Fig. 9(c), and the similar concept was successfully
implemented on the arc-shaped metamaterial.

5. Conclusion

The mechanical properties of flexible mechanical metamaterials
manufactured from polylactic acid are theoretically studied via the en-
ergy principle and Castigliano’s second theorem, validated experimen-
tally complemented with numerical simulation. The metamaterials with
multifarious configurations were manufactured by 3D printing in the
form of flexible board. According to a complete parametric study, the
geometric parameters of the metamaterials were demonstrated to
significantly influence their mechanical response. This work disclosed
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Fig. 9. (a) Schematic of the devised wave-induceable incorporating device, (b) multifarious planar auxetic metamaterials [52,77-80], (c) the wavy deformation

achieved by hybrid metamaterials and single arc-shaped metamaterials.

the relationship between these phenomena and the deformation mech-
anisms occurring at the individual unit cells. The normalized elastic
modulus of the structures can be adjusted from 1 to 13.6 (x10~3), and
their Poisson’s ratio can be tailored from —1 to 1. Moreover, the wavy
deformation was achieved by coupling the developed metamaterials to a
system, this concept was successfully implemented for other meta-
materials. Multidimensional mechanical properties between the devel-
oped metamaterials and the star-shaped cellular structures are
compared, and the results demonstrated the developed flexible me-
chanical metamaterials are more sensitive, auxetic, and deformable. The
potential use of the proposed flexible metamaterials was revealed by the
design, fabrication, and test of a coupling system with two structures,
showing a Poisson’s ratio of near —1 and 13 % strain. Finally, the
developed coupling design provided a valid way to induce the meta-
materials system’s profile occurring the wavy deformation.
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